We analyze theoretically the entanglement between two non-planar and light identical molecules (e.g., pyramidal as N H3) that present inversion doubling due to the internal spatial inversion of their nuclear conformations by tunneling. The peculiarity of this system lies in the simplicity of this type of molecular system in which two near levels can be connected by allowed electric dipole transition with considerable value of the dipole moment transition and negligible spontaneous emission because the transition is in the microwave or far-infrared range. These properties give place to entanglement states oscillating by free evolution with frequency determined by the dipole-dipole interaction and negligible spontaneous decay, which allows to consider an efficient quantum Zeno effect by frequent measurements of one of the entangled states. If the molecules are initially both in the upper (or lower) eigenstate, the system evolves under an external radiation field, which can induce oscillations of the generated entangled states, with frequency of the order of the Rabi frequency of the field. For a certain detuning, a symmetric entangled state, eigenstate of the collective system can be populated, and given its negligible spontaneous emission, could be maintained for a time only limited by external decoherence processes which could be minimized. Although the data used are those of the N H3 molecule, other molecules could present the same advantageous features.
I. INTRODUCTION
Quantum entanglement is an essential feature of quantum mechanics and a fundamental resource for quantum computing [1] [2] [3] [4] [5] and quantum information [6] [7] [8] . However, entanglement is fragile because of decoherence induced by the environment and it is essential to maintain quantum entanglement for long enough time for many applications of interest (e.g., see the work of Horodecki [9] and references therein). Since an atom seems good candidate as quantum bit (qubit), several schemes for the generation of entangled states between two atoms have been proposed, the entanglement being achieved by the coupling of the atoms to a common reservoir, or dipole-dipole interaction generated in electronic transitions including spontaneous emission, the atoms being eventually inserted in cavities or/and driven by external radiation fields [10] [11] [12] [13] [14] [15] [16] (we quote only some works among many others).
For more than a decade there has been an increasing interest in the possibilities that molecules offer as candidates for quantum bits [17] [18] [19] [20] [21] . For example, polar molecules trapped in an optical lattice can be good candidates for quantum bits. In this type of lattice, the electric dipole moment of cold or ultracold polar * igonzalo@fis.ucm.es † antonm@fis.ucm.es molecules oriented by an external electric field may serve as quantum bit, and entanglement between qubits is due to the dipole-dipole interaction between molecules [22] [23] [24] [25] . Technical advances make possible to prepare oriented [26, 27] and cold and ultracold molecules [28] [29] [30] [31] with promising results. There have been considerable advances in improving coherence times in molecules, obtaining coherence times such as 0.7 ms at 10 K and 1 µs at room temperature [32, 33] . Some of the advantages that molecules offer are their internal degrees of freedom and polarities. The interest of their entanglement not only lies in quantum information and quantum computation but also in processes involving several molecules.
Here we address the entanglement between two identical light non-planar molecules (as N H 3 , for example) by means of their internal degree of freedom of spatial inversion of their nuclear conformation by tunneling, which corresponds to the well known splitting of their rovibrational levels, named inversion doubling. This type of molecules is modeled by a symmetric electronic double well potential in which the molecule oscillates by tunneling through a potential barrier between two degenerate equilibrium conformations, each one being mirror image of the other and corresponding to each minimum of the double well (see Fig. 1(a) ). A well known molecule representative of this behaviour is the pyramidal molecule N H 3 , the mirror plane being a plane parallel to that determined by the three hydrogens. This model is also applied to describe the two enantiomers of a chiral molecule, or of a non-planar molecule with axial chirality as H 2 O 2 where the mirror plane contains the O − O axis.
As is well known, the frequency of the tunneling oscillation is half the resonant frequency ω 0 between the two levels of the inversion doubling, in the microwave or far infrared range. Due to this low frequency range, the spontaneous emission from the upper level is very small or negligible as we shall see later. The separation between these two levels depends on the height of the barrier and the mass of the molecule and is extremely small or practically null in heavy molecules in which it is impossible to observe it because of the extremely long tunneling times involved; decoherence dominates and coherent tunneling is destroyed o suppressed by decoherence induced by the environment, the localized pyramidal or chiral conformations becoming stable states [34] [35] [36] [37] [38] . This is the case of P H 3 , for example, and chiral molecules, in general. However, in light molecules whose tunneling times are short enough, the coherence of tunneling can be maintained for some time under appropriate conditions. This is the case of the so much studied molecule N H 3 and also of the above mentioned molecule H 2 O 2 , with ω 0 ∼ 10 11 − 10 12 rad s −1 [39] , for which tunneling coherence could be preserved for times of the order of µs at low enough pressure and temperature [35] , or even for longer time according to technical advances [28-30, 32, 33] .
Both molecules N H 3 and H 2 O 2 have similar advantages concerning tunneling times and dipole moments but we focus on the N H 3 molecule because it is a symmetric top and this fact seems advantageous in order to prepare an oriented sample along the axis of the pyramid, maintaining the rotational states around this axis without affecting the specular reflection mentioned. The H 2 O 2 molecule, instead, is not a symmetric top and has a more complex level structure than N H 3 .
The value of the dipole moment of N H 3 is d 0 = 1.46 D [40] , directed along the height of the pyramid, oscillating by tunneling between the opposite values d 0 and − d 0 (see Fig. 1(a) ). This value is high enough to generate, via dipole-dipole interaction, entanglement at intermolecular distances of several nanometers. The frequency ω 0 of the inversion doublet increases as the rotational number increases since the potential barrier results less higher. For example, for N H 3 , ω 0 = 1.5 × 10 11 rad s −1 in the lowest rotational state that presents inversion doubling, and ω 0 = 6.78 × 10 12 rad s −1 in the next excited rotational state [40] . We recall that the rotational energies are larger (infrared) than inversion doubling (microwave or far infrared).
The aim of this work is to study the entanglement generated by dipole-dipole interaction between two identical molecules of this type, each one modeled as a two-level system with transition frequency ω 0 (see Fig. 1 (a) (b) ). The most important advantage and novelty of this system is that the two levels are connected by allowed electric dipole transition with a frequency ω 0 low enough to consider negligible spontaneous emission whereas the dipole transition moment is high enough, greater than 1 D.
We have found that if the initial state is not eigenstate of the collective system, it evolves freely generating an entanglement oscillating with frequency given by the dipole-dipole interaction and negligible spontaneous emission, allowing an efficient quantum Zeno effect [41] [42] [43] to preserve the entanglement by frequent enough observations. If the initial state is eigenstate of the collective system, such as both molecules in the ground or in the excited state, the system only evolves under an external radiation field. The generated entanglement oscillates then with frequency close to the Rabi frequency. With proper detuning of the field, dependent on the dipoledipole interaction, the symmetric entangled eigenstate of the system is populated, and given its negligible spontaneous emission, it could be preserved, its coherence being only limited by environmental decoherence processes which could be minimized according to technical advances referred to above.
The article is organized as follows. In the next Sec. 2, we present the model which is, in many aspects, analog to that used in works dealing with two atoms, but now adapted to the peculiarity of the system considered. In Sec. 3, we analyze the free temporal evolution of the entanglement between the two molecules for particular initial states. In Sec. 4, the entanglement is analyzed under a coherent external driving radiation field. Sec. 5 contains the conclusions.
II. THE MODEL
We consider two identical molecules, each one considered as a two-level system corresponding to the inversion doubling in a double well potential, as shown in Fig.  1(a)(b) . We use the notation of chiral molecules for the two localized conformations of a single molecule, each conformation being mirror image o the other one, lefthanded (L) and righthanded (R), although in the case of N H 3 , the two mirror images have the same conformation (regular pyramid) but opposite electric dipole moments.
These states have the same average energy, E 0 , they are not eigenstates and oscillate between them by tunneling through the barrier of the double well. As is known, the lower and upper level, |g and |e , of the inversion doubling in a molecule of this type can be expressed respectively by,
where |L and |R are localized states associated to the L and R conformations respectively (pyramidal in the case of N H 3 and eventually axially chiral for molecules as H 2 O 2 ). These states, |g , |e , are delocalized states between the L and R conformations, have null electric dipole moment and are eigenstates of the free Hamiltonian of the molecule with respective eigenvalues E g and E e . The Hamiltonian of two noninteracting identical molecules is given by
z ), where σ z is the Pauli matrix σ z = σ ee − σ gg = |e e| − |g g|, the superindex denoting each one of the two molecules, and ω 0 = E e − E g . It can be easily seen from the above relations (1) and (2) 
3 ) being the dipoledipole interaction between the two molecules separated by a distance r and with the dipole moments parallel between them.
We shall consider eventually an external coherent radiation field of frequency ω l resonant o quasi-resonant with the two levels |e , |g , the interaction Hamiltonian field -molecules being, in the rotating wave approxima-
where Ω =
, with E l the electric field amplitude. If we apply the unitary transformation
to the total Hamiltonian H = H 0 + H 12 + H f , it becomes (named again H):
+ Ω(σ
where ∆ l = ω 0 −ω l . The spontaneous emission from level |e to level |g of the same molecule or of the other one is neglected because of the so small value of ω 0 that gives a value for the Einstein coefficient A = |µ eg | 2 ω 3 0 /(3π ǫ 0 c 3 ) extremely small, of the order of 10 −7 s −1 or 10 −2 s −1 for ω 0 = 1.5 × 10 11 or ω 0 = 6.78 × 10 12 respectively, thus, the spontaneous decay, contributing in part to the decay of entanglement, can be neglected here.
The temporal evolution of the system is governed by the master equation,
where ρ is the density matrix of the state and L d (ρ) is a pure dephasing Lindblad term that accounts for the loss of coherence of the superposition states (1) and (2). This loss of coherence is equivalent to the loss of coherence of tunneling between the L and R conformations of the molecule, and can be originated by elastic collisions from the environment. The dephasing term is then given by,
where the constant γ would be of the order of the inverse of the average time between elastic collisions and can be of the order of µs or even lower for low enough temperatures and densities. At temperatures of the order or slightly below 1 K, the kT energy (k being the Boltzmann constant) does not reach the separation energy ω 0 of the inversion doubling here considered and an exchange of energy (inelastic collision) is less probable than a mere change in the phase of the states (elastic collision). Here we assume cold (10 −3 < T < 1 K) molecules, so that kT could be lower than the separation between the levels considered. If kT is greater than the energy separation of the levels, it is still possible for low enough pressure that the average time between collisions be much longer than tunneling time [35] (and even than the interaction time J −1 here considered between molecules). In this case, coherent tunneling can be maintained in some extent, as occurs in a gas of N H 3 under normal conditions of pressure and temperature, in which case the inversion doubling transition can still be observed [36] ; however the system would be properly described in this case including a dissipative environment. In our case, we restrict ourselves to a pure dephasing contribution due to elastic collisions since inelastic ones are considered much less probable for cold molecules, as said above.
The density matrix elements are calculated in the collective bare basis using the following notation,
where the subindex denotes each one of the two molecules. The differential equations for the density ma-
(|g1e2 + |e1g2 ) and the antisymmetric entangled state |a ≡
(|g1e2 − |e1g2 ) are separated by the energy 2 J.
trix elements are then given by:
In the case that there is not applied radiation field, i.e., Ω = 0, the detuning ∆ l must be replaced with ω 0 . In this case, the eigenstates of the collective system are well known [10, 44] and are shown in Fig. 2 .
The antisymmetric entangled eigenstate |a ≡ (|2 + |3 ) can be connected by this via with the highest |4 and lowest |1 collective levels. The energy separation between the entangled states is 2 J. We shall consider the J value lower enough than ω 0 so that tunneling does not become altered essentially. The value of J depends on the distance between the two molecules and their orientation. We shall then consider distances between the molecules of the order of r ∼ 10 nm which gives J = V / ∼ 4 × 10 Since the initial conditions of the molecules could be the localized conformations L or R, it can be useful to express the following entangled states not only as superpositions of the separable states of the bare basis (Eqs. (6)) but also as superpositions of the separable states in terms of the localized |L and |R states, by using Eqs.
(1) and (2), as follows:
If we call v E the vector formed by the entangled states, and v the vector formed by the separable states of Eqs. (6), we see they are related between them as v E = M v, with M the corresponding transformation matrix, and in consequence, the density matrix in the entangled states basis, ρ E , is given by ρ E = M ρM −1 , where ρ is the density matrix expressed in Eqs. (7). This relation between the density matrices is useful to analyze the time evolution of the populations and coherences of the entangled states.
The entanglement between the two molecules will be analyzed by means of the Wootters entanglement measure [45] , the concurrence C, defined as C = max(0,
, where λ 1 , λ 2 , λ 3 , λ 4 are the eigenvalues, in decreasing ordered, of the matrix ρρ, whereρ = (σ
y ) with σ y the y-Pauli matrix. The value of C is between 0 and 1, the unity corresponding to maximum entanglement. For the chosen basis of separable states (6) we have, 
III. ENTANGLEMENT WITHOUT DRIVING RADIATION FIELD
First we consider that there is not applied radiation field, i.e., Ω = 0, hence, ∆ l is replaced with ω 0 in the above equations (7). We use the following data of the N H 3 molecule: frequency of the inversion doubling ω 0 = 1.5 × 10 11 rad s −1 , electric dipole moment of the pyramidal conformation d 0 = 1.46 D (the same as the transition dipole moment, |µ eg |). We consider J = 4×10 9 s −1 and a coherence decay by dephasing given by γ = 10 6 s −1 , although smaller values (longer molecular time coherence) seem to be possible according to promising results referred in the Introduction. Depending on the initial conditions we have different cases:
A) In this case we consider that the initial state is the separable state in which one of the molecules is in the excited state |e and the other one in the ground state |g , such as the state |3 ≡ |e 1 g 2 , of interest in processes of excitation transfer. This case differs from the excitation transfer process with electronic levels and then appreciable spontaneous emission, studied with detail by other authors (e.g., Ficek [10] and Liao [44] ).
As can be easily deduced from Eqs. (7) in our simple case, the state |3 evolves in time giving place to oscillations of the populations ρ 22 and ρ 33 (the only ones involved) as sin 2 (Jt) and cos 2 (Jt) respectively, while the concurrence oscillates as | cos(2Jt)|.
By analyzing the density matrix elements at times where the concurrence has maximum values, it can be seen that the maxima of the concurrence C correspond alternatively to each one of the entangled states |f ≡
(|2 − i|3 ) whose populations oscillate with frequency J. The population of the entangled state |f , ρ f f , is represented together with the concurrence in Fig. 3 (a) . The decay due to the γ value considered results obviously imperceptible in the range of nanoseconds determined by the J value. Even in the case of considering a larger value of γ such as γ = 10 7 s −1 , the maximum of concurrence would descend from C = 1 to C = 0.9 after 20 ns from the initial time. The population of the other entangled state |k , not represented in the figure, reaches maximum population when ρ f f = 0. If J is lower than the value considered (more separation between the molecules), the oscillations become slower.
Given the practically harmonic temporal dependence of the populations, this case offers an easy possibility to quantum Zeno effect, thus avoiding or retarding the temporal evolution of one of the entangled states, |f or |k , then keeping a high degree of entanglement for a time near the µs range where the decoherence manifests due to the value of γ considered. Quantum Zeno could then be applied at the time when ρ f f or ρ kk are the unity. We choose ρ f f = 1. From this value, this population evolves practically as ρ f f = cos 2 (Jt) and, as it is well known, it allows quantum Zeno effect [42] by frequent projective measurements on the state |f . If the measurements are made at short enough time intervals, lower than the so called Zeno time, in our case τ < J −1 , the probability to find the state |f after N measurements, at the time
which tends to the unity as N → ∞. An example of Zeno effect in this case is shown in Fig. 3 (b) . We can appreciate in this figure that the population of the entangled state |f does not oscillate but decreases more slowly the more frequent the measurements are.
B) Now we consider the case in which the two molecules are in localized states, |L or |R , with their dipole moments parallel between them. We recall that for the N H 3 molecule there is no physical distinction between L and R conformations. Since the dipole moment can be oriented in space independent of the chirality conformation L or R in the case of chiral molecules, the initial state can be |L 1 L 2 , |R 1 R 2 or |L 1 R 2 , the results obtained being similar for any of the three initial states.
We choose, for example, the separable initial state |L 1 L 2 . Using the above equations (8) , this state can be easily expressed in the basis (6) and also as superposition of entangled states, as follows:
The temporal evolution of concurrence is shown in Fig.  4 (a) and a detail of the temporal evolution of the populations of the entangled states, ρ aa , ρ ss , ρ pp , ρ, is shown in Fig. 4 (b) . As in the preceding case, the decoherence decay has not visible effect at short times as is this case. The states |p and |q interchange their populations oscillating as sin 2 (ω 0 t) and cos 2 (ω 0 t) while the concurrence oscillates as | sin(Jt)|, i.e., with half of the frequency than in the preceding example. For lower values of J, a much more slowly variation of the concurrence is obtained, which could be desirable. As expected from the equations (7), the states |a and |s keep their initial populations, zero and 1/2 respectively.
From the analysis of the density matrix of the evolved state at times in which concurrence takes maximum and minimum values, we see that the maximum values of the concurrence correspond to an entangled state of the type |Ψ = (1/2)|s + c p |p + c q |q where c p , c q depend on the state of the oscillation. The zero values of the concurrence correspond to the separable states |R 1 R 2 and |L 1 L 2 in an alternated way, as expected by symmetry. C) Finally, if the initial condition is (12) identical temporal dependence of concurrence as in the preceding case is found. The temporal dependence of the populations of the entangled states is analogous to the precedent case: ρ pp , ρoscillate in alternated way and now ρ ss = 0, ρ aa = 1/2. In the entangled states with maximum value of concurrence the contributing states are now |a , |p and |q .
IV. ENTANGLEMENT IN PRESENCE OF A DRIVING COHERENT RADIATION FIELD
We consider now a coherent radiation field driving our system initially in the upper, |e 1 e 2 , or lower, |g 1 g 2 , eigenstate of the collective system (see Fig. 1(b) ). Just this type of state was prepared in the past in the N H 3 molecule to obtain the first maser (e.g., [46] ). Given the negligible spontaneous decay, this type of state can only evolves under the stimulation of a radiation field. We use the same data as in the preceding section and a value for the Rabi frequency of the field lower than the dipoledipole interaction. Depending on the detuning with respect to the inversion doubling frequency ω 0 , we have the following cases.
A) First we consider resonance condition, ∆ l = 0, the initial state being |4 ≡ |e 1 e 2 , i.e., both molecules in the upper state. By solving the Eqs. (7) by numerical method we obtain, for the case in which the Rabi frequency is Ω = 7 × 10 7 s −1 , the temporal evolution of concurrence and populations shown in Fig. 5 (a) . It can be appreciated that the populations ρ 11 and ρ 44 oscillate with a period longer than the Rabi period 2π/Ω ≃ 10
s. This effect is due to the dipole-dipole interaction J that occurs during the transition |4 ↔ |1 and tends to slow down the oscillation, giving place to a lower effective Rabi frequency.
The effect of different values of Ω on the concurrence is shown in Fig. 5 (b) where it can be seen how the oscillation of the concurrence could be controlled by Ω. Now the decay of the concurrence by decoherence is appreciable since the temporal evolution takes place in a range close to the molecular memory time considered, γ −1 = 1 µs. In the ideal case that no coherence decay occur, an inspection of the populations at the maxima of the oscillating concurrence allows us to assert that the entangled states corresponding to these maxima are |ψ = 1 √ 2 (|1 ±i|4 ) in alternated way. However, the decay due to γ makes that the entangled states at the maxima of the concurrence involve the participation of the |s and |a states.
In Fig. 5 (c) , several cases with different J values, for a given value of Ω and the same values for the other parameters as in Fig. 5 (a) , are shown. The greater the value of J the slower the oscillation of the concurrence, as we have said. This behaviour is contrary to what B) We analyze now the effect of the detuning, ∆ l = ω 0 − ω l = 0. If the initial state is the upper state |e 1 e 2 , and the detuning is ∆ l = J, we see in Fig. 2 that a resonance is established between the upper level and the symmetric entangled state |s . The frequency of the oscillations are close to the value of Ω, being independent of the J value provided J be greater enough than Ω as is the case. The effect of γ is manifest in the decay and in the anomalous behaviour in the minima of the concurrence, which can be appreciated in Fig. 6 (a) . In the ideal case of no decay, the concurrence oscillates exactly in the same manner as ρ ss , the maxima of the concurrence corresponding to maximum population of the entangled state |s .
This case offers the possibility to maintain the symmetric entangled state |s for a time only limited by decoherence. It suffices to suppress the radiation field just when the population of this state reaches a maximum, the concurrence being very close to unity. In the case shown in Fig. 6 the first maximum occurs after 0.028 µs from the initial time, but if Ω decreases, the oscillations are slower, hence the first maximum of concurrence (and of ρ ss ) occurs latter. Since the state |s is eigenstate of the collective system and spontaneous emission is negligible, that entangled state can be kept without oscillations for long time if decoherence from environment can be minimized in high degree as it seems possible with the new technologies. In Fig. 6 (b) , temporal evolution of the concurrence and population ρ ss , once the field is suppressed, are shown for γ = 10 6 s −1 (the lower curves) and for γ = 10 5 s −1 (the two upper curves with slower decay). In both cases, the temporal evolution of the co- herence Reρ 23 is found to be the same as that of ρ ss .
The same result is obtained if the initial state is |g 1 g 2 and the detuning ∆ l = −J since the state |s is reached in analogous way as before. C) If the initial state is |e 1 e 2 and ∆ l = −J, the resonance is established between the upper level and the entangled antisymmetric state |a , but it is a forbidden transition and only a negligible concurrence is obtained.
V. CONCLUSIONS
The entanglement between two non-planar and light identical molecules that present inversion doubling of frequency ω 0 in the microwave or far infrared range, has been analyzed as a two two-level system with dipoledipole interaction much lower than ω 0 . The novelty of the work lies in the simplicity and peculiarities of this type of molecular system in which two near levels can be connected by allowed electric dipole transition with considerable electric dipole moment and negligible spontaneous emission because of the so small frequency ω 0 . The data used are those of the N H 3 molecule but other molecules could present the same advantageous features. A coherence decay by pure dephasing induced by the environment has been assumed to be around 10 6 s −1 . If the initial state is not eigenstate of the collective system, it evolves generating entanglement which oscillates in time with a frequency determined by the value of the dipoledipole interaction J (in the nanosecond range in our example) and then with negligible coherence decay in this temporal range. Of particular interest are the generated entangled states
(|e 1 g 2 ± i|g 1 e 2 ), whose populations oscillate between them with negligible decay, thus harmonically with frequency J. It would allow to preserve one of these entangled states by quantum Zeno effect by frequent observations of such state at time intervals lower that J −1 s. If the initial state is the collective lower eigenstate |g 1 g 2 or upper eigenstate |e 1 e 2 , a driving coherent radiation field of frequency ω 0 resonant with the inversion doubling and Rabi frequency Ω < J, generates oscillating entanglement by coherent superposition of these lower and upper states. This oscillation is slower than the Rabi oscillations and becomes slower as the dipoledipole interaction J grows. In our example, the oscillation period is close to the µs range, hence, the coherence decay considered becomes manifest. With appropriate detuning of the field, the symmetric entangled state |s = 1 √ 2 (|e 1 g 2 + |g 1 e 2 ) is populated, its population oscillating with frequency close to the Rabi frequency Ω and independent on the J value. This entangled state, eigenstate of the collective system and with negligible spontaneous emission, could be preserved by suppressing the field at appropriate time, its coherence being only limited by environmental decoherence processes which could be minimized according to technical advances. In order to consider less restrictive conditions, the effects of dissipative environments in this type of system will be explored in a future work.
Finally, concerning possible experiments, at least the symmetric top N H 3 molecule can be easily prepared in particular states, as was done for the first maser operating just in the inversion doublet transition here considered. Such states correspond to the case of entanglement in presence of an external driving field (Sec. 4). To generate that entanglement, an oriented arrangement of molecules at appropriate distances is necessary, which can be achieved in particular optical lattices or arrays as proposed by several authors, e.g. [17, 20, [23] [24] [25] . Also, a low enough temperature is necessary, and although ultracold (less than 1 mK) polyatomic molecules are still rather difficult to prepare, it is feasible in the current status to obtain cold samples (above mK), leading to entanglement coherence times of the order here shown. Then, it seems, in principle, that the mentioned entanglement in presence of an external driving field could be achievable shortly.
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